Let G be an open set in E n , and let H o m (G) denote the Sobolev space obtained by completing C™(G) in the norm
We show that the embedding maps H o m+ί (G) c H Q m (G) are completely continuous if G is "narrow at infinity" and satisfies an additional regularity condition. This generalizes the classical case of bounded sets G.
As an application, the resolvent operator R\, associated with a uniformly strongly elliptic differential operator A with zero boundary conditions is completely continuous in J2f 2 (G) provided G satisfies the same conditions. This generalizes a theorem of A. M. Molcanov.
Let G be an open set in Euclidean w-space E n . Following standard usage, we denote by C~(G) the space of infinitely differentiate complex valued functions having compact support in G. Let H^(G) 
Hr\G)c:H?{G)
, m = 0,1, 2, is completely continuous provided G is a bounded set. In this paper we show that this assumption can be relaxed; it turns out that a certain condition on G called "narrowness at infinity" (see Definition 2) , which is obviously necessary, is also sufficient for complete continuity of the embeddings, provided G also satisfies a certain regularity condition. This result could be anticipated on the basis of theorems of F. Rellich [4] and A. M. Molcanov [3] concerning discreteness of the spectrum for the Laplace operator (with zero boundary conditions) on G.
For an arbitrary open set G c E n , with boundary dG, define
Clearly p(G) is the supremum of the radii of spheres inscribable in G.
The open set G is said to be "narrow at infinity" if
Evidently (? is narrow at infinity if and only if it does not contain infinitely many disjoint spherical balls of equal positive radius. Our main result concerns such sets G, but we also require the following regularity condition:
SM<oo for all R (c ) for each xeG B there exists a point y such that \x -y\ < d(R) and Gn{z:\z-y\< δ(R)} = 0.
Note that Condition 1 clearly implies that G is narrow at infinity. We use the following standard notations. 
= Σ
The following theorem is a generalization of Poincare's inequality, cf. Agmon [1] , Although the proof is similar to that of Agmon, we give it here for the sake of completeness. 
where Q« is the union of all cubes Q β which meet the set δ <i | a? -y \ 2 d. There is a number ΛΓ, depending only on n, such that any N + 1 of the sets ζ)« have empty intersection. Summation of the above inequality over the set A of all indices a for which Q a meets G B therefore yields
where M is as in l(b). This proves inequality (4) for φeC 0 M (G); the extension to Hl(G) is trivial.
The second assertion of the theorem is now obvious. We next introduce some useful notation. If R is a positive real number, set where ( , ) n is the natural inner product in H™(G) and c m is a nonzero constant depending only on m and f lm Consequently none of the embeddings can be completely continuous.
To prove that if G satisfies Condition 1 then the embeddings are completely continuous, it suffices by the standard inductive argument to consider the case m = 0. Thus suppose {f k } is a sequence in Hl(G) with IIΛHi^ 1. If G' is a bounded subset of G, then G'cG^ for some R, and by Theorem 2 the sequence {f k \ G E } is compact in £f 2 (G B ), and a fortiori {f k \ G'} is compact in £f 2 {β'). Thus (a) of the Lemma is satisfied; to verify (b) we merely have to apply the inequality (4)
By hypothesis the right hand side approaches zero as R -» oo. Proof. Assume that the α^-axis is the centre of the cylinder containing G, and let C denote the n -1 dimensional volume of the section of the cylinder by the hyperplane x ± -0. We may also suppose that μ n (G (Ί {x : x x > 0}) = oo then for fixed a, μ n (G f] {x : a ^ x x ^ b}) is a continuous increasing function of b ^ α, with range the half-line [0, oo) .
Functions in H™(G)
For x e E n define the function f λ (x) as follows. 
Moreover
Thus the sequence {f k } is bounded in ^'(G) but not compact in so that the embedding H\G) c H\G) = ^ff(G) is not completely continuous.
As an application of Theorem 3, consider a given differential operator a(x, D) of order 2m:
a(x, D) = Σ
We assume that the coefficients are infinitely differentiate, bounded complex functions on an open set G in E n . Let a(x, D) be uniformly strongly elliptic in the following sense:
where a o (x, ξ) is the characteristic form,
\a\-2m
Under certain additional conditions on the coefficients a a (x) and on the set G, it is known that the following inequalities are valid (cf. [1] ).
and "Garding's inequality"
where c λ > 0 and c 2 are constants. For the purpose of the following theorem we use these inequalities as hypotheses. Theorem 5 was obtained in the case of the Laplacian operator in a smoothly bounded domain G by A. M. Molcanov [3] . 
Tf=a(x,D)f, f Then T is a closed linear operator; the spectrum σ(T) is discrete and has no finite limit points; for X$σ(T), the resolvent operator R λ (T) = (λ/-T)"
1 is completely continuous.
Proof. We have worded the theorem to agree with Corollary 14.6.11 of [2] ; in fact the proof is the same. At the suggestion of the referee, however, we include an outline here.
If λ is a given complex number with Re λ > c 2 , we have by (5) and (6) ( 7) I By the open mapping theorem, A" 1 is also bounded. Next, if T is the operator defined in the theorem, we will show that (10) (
This relation is evident for φ, ψe C 0°°( G). If φe H o m (G), ψ e C 0°°( G), and if φ n (eC~(G))->φ
in the norm of H™(G), then φ n ->φ in the sense of distributions on G, so that ((a + λ)<p Λ , α/r) -»((α + λ)<p, τ/r), and therefore
This implies (10) immediately.
By (8), (9), and (10) we have for φe^r(T)
\\(T + Xl)φ\\ 0 .\\φ\\ m ^ \((T + Xl)φ, φ)
Hence (T + λ/)" 1 exists and is bounded on Range (T + λJ). Another simple argument shows that Range (T + λl) = ^(G). We therefore conclude that T is closed and Xep(T), the resolvent set of T.
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